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Abstract
Let A be a singular, diagonalizable matrix with group inverse A#, and let A + E be a perturbation of A.
We show that each eigenvalue µ of A + E is an O(‖A#E‖2) relative perturbation of a nonzero eigenvalue
of A, unless it is small enough in magnitude to be treated as an O(‖E‖2) perturbation of the zero eigenvalue
of A.
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Let A be a diagonalizable matrix with eigendecomposition A = XX−1, where = diag(λi)
and the λi are the eigenvalues of A. Let A + E be a perturbation of A with eigenvalue µ.
The Bauer–Fike Theorem [1, Theorem IIIa] bounds the absolute distance between µ and a
nearest eigenvalue of A:
min
i
|λi − µ|  κ2(X)‖E‖2,
where κ2(X) = ‖X‖2‖X−1‖2 is the condition number of the eigenvector matrix X. If A is non-
singular, this leads to a bound on the relative distance:
min
i
|λi − µ|
|λi |  κ2(X)‖A
−1E‖2
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(see [3, Corollary 2.2]). In this brief note, we adapt the proofs of these bounds to prove the
following extension to singular matrices.
Theorem 1. If |µ| > κ2(X)‖E‖2 (i.e., µ is too large in magnitude for the zero eigenvalue of A
to satisfy the Bauer–Fike bound), then
min
λi /=0
|λi − µ|
|λi | 
√
1 + α2 κ2(X)‖A#E‖2,
where
α = κ2(X)‖E‖2
/√
|µ|2 − (κ2(X)‖E‖2)2
and A# denotes the group inverse of A.
Proof. Assume without loss of generality that
A = X
(
1
0
)
X−1,
where 1 is an m × m nonsingular diagonal matrix. Let u be an eigenvector of A + E corre-
sponding to µ and define(
E11 E12
E21 E22
)
= X−1EX and
(
u1
u2
)
= X−1u,
where E11 is an m × m matrix and u1 is an m-vector.
Since µu = (A + E)u, we have
µ
(
u1
u2
)
= µX−1u = X−1(A + E)XX−1u =
(
1 + E11 E22
E21 E22
)(
u1
u2
)
,
whence
µu2 =
(
0 I
) (E11 E12
E21 E22
)(
u1
u2
)
= (0 I)X−1EX
(
u1
u2
)
.
Taking the norm of each side,
|µ|‖u2‖2  κ2(X)‖E‖2
√
‖u1‖22 + ‖u2‖22.
Squaring and simplifying, we get ‖u2‖22  α2‖u1‖22.
Since the group inverse satisfies
A# = X
(
−11
0
)
X−1
(see [2, Theorem 4.5]) and (A − µI)u = −Eu, we have(
I − µ−11 0
0 0
)(
u1
u2
)
= X−1A#(A − µI)XX−1u = −X−1A#Eu,
whence(
I − µ−11
)
u1 =
(
I 0
) (I − µ−11 0
0 0
)(
u1
u2
)
= − (I 0)X−1A#EX
(
u1
u2
)
.
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Taking the norm of each side,
min
λi /=0
|λi − µ|
|λi | ‖u1‖2 
∥∥∥(I − µ−11 )u1
∥∥∥
2
 κ2(X)‖A#E‖2
√
‖u1‖22 + ‖u2‖22

√
1 + α2 κ2(X)‖A#E‖2‖u1‖2,
which gives the result. 
If we assume in addition that |µ|  √2 κ2(X)‖E‖2, we get α  1 and
min
λi /=0
|λi − µ|
|λi | 
√
2 κ2(X)‖A#E‖2,
which is a bound on the relative distance that is independent of µ. It seems difficult to give tighter
bounds without making some assumptions about the structure of the perturbation E as in [4].
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